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Introduction

1
Composite materials are susceptible to many type of damage modes [1] [2] [3] . One of them is delamination fracture induced 2 by manufacturing and installation defects [4] [5] [6] [7] [8] , low velocity impact [9-13], free edge effect [14, 15] and the usage of notches 3 and indentations [16, 17] for the installation of the structure. The presence of cracks and delaminations in laminated composite 4 beams and plates reduce significantly the stiffness and strength [18, 19] , moreover alter significantly the dynamical properties of 5 the structure [20] [21] [22] [23] [24] [25] . The stress intensity factor (SIF) [26] [27] [28] [29] [30] and energy release rate (ERR) [31] [32] [33] are the basic parameters 6 of linear elastic fracture mechanics for the material characterization against delamination fracture (onset and propagation). The literature to solve different plate problems in the field of statics, dynamics and stability. The layerwise (or zig-zag) theories 13 [93,116-120] make it possible to calculate the interlaminar stresses more accurately than by using the ESL methods. However, 14 the plate theories are applied only partially in the analysis of fracture mechanical tests, in most of the cases a 3D finite element 15 (FE) analysis is preferred [121, 122] . The finite element modeling of delaminations and cracks in 3D structures is computationally 16 expensive. Typical examples in this respect are the different fracture mechanical configurations to determine the mode-III energy 17 release rate [78, 122] . 18 Recently many articles were published on the modeling of the bending of composite plates with delamination using CLPT, 19 FSDT, SSDT, TSDT for symmetrically [123] [124] [125] and asymmetrically [106, 114, 125 ,126] delaminated plates and by using layerwise 20 approximations for in-plane loading and cylindrical bending [127] [128] [129] [130] . The method of two ESLs was introduced in the former 21 works and it was shown that for symmetric (midplane) delamination each method works well; however Reddy's third-order 22 theory provides the best accuracy compared to FE results if the delamination is asymmetrically placed between two adjacent 23 layers [114] . The mentioned problems involve typically mixed-mode II/III fracture conditions, in case it has already been shown 24 that the coupling between the mode-II and mode-III SIFs could be significant [131, 132] . 25 This paper proposes the method of four ESLs for the delamination modeling of laminated composite plates. Three different 26 theories are applied: FSDT, SSDT and general TSDT. The main aspect of the formulation is that the delamination plane divides the 27 plate into a top and a bottom subplate. These subplates are modeled by two ESLs. The kinematic continuity is provided by the 28 updated version of the system of exact kinematic conditions (SEKC) [114, 125] , the novelty is the specification of the continuity 29 conditions with respect to the shear strain derivative and curvature. The displacement field satisfying the continuity conditions 30 are formulated and the governing equations are derived based on variational calculus. Two simply-supported plates with de-31 lamination are examined and the Lévy plate formulation is used to reduce the system of PDEs to system of ODEs. The continuity 32 between the delaminated and undelaminated portions has been formulated and it was highlighted that the number of constants 33 in the solution functions is less than the number of continuity conditions. Therefore, in conjunction with the proposed 4ESL 34 method the theorem of autocontinuity is introduced and a proof is given, as well. This theorem makes it possible to ensure the 35 continuity between the delaminated and undelaminated portions by assigning the so-called autocontinuity parameters, which 36 ensures the automatic continuity of first-, second-and third-order displacement terms in a reduced form. The displacement and 37 stress fields in the laminated plates were determined by FSDT, SSDT and TSDT and at certain sections located in the delamination 38 front were plotted along the thickness of the plate. The distributions of the J-integrals and mode mixities along the delamination 39 front were also calculated and were compared to the results of the virtual crack closure technique (VCCT). The agreements and 40 disagreements of the 2D analytical results with the numerical models are discussed. 
Semi-layerwise laminated plate theory -the method of four ESLs
42
The concept of the semi-layerwise modeling is shown in Fig. 1 . The plate elements contain an interfacial delamination, which 43 divides the plate into a top and a bottom layer. Each layer is divided into further two ESLs. In other words the whole lami- 
(x)i (x, y)z (i) + φ (x)i (x, y)(z (i) ) 2 + λ (x)i (x, y)(z (i) )
Please cite this article as: A. The conditions given by Eqs. (2) and (3) are sufficient to develop semi-layerwise models using the FSDT. However, better accu-71 racy can be achieved by using higher-order theories. If SSDT is applied then even the shear strains are assumed to be continuous 72 across the interfaces:
It will be discussed later, that for third-order plates even the derivatives and the curvatures of the shear strains need to be con-74 tinuous between the interfaces (otherwise the model becomes too compliant and leads to erroneous shear strain distributions):
and:
Based on the linear elasticity and assuming transversely inextensible deflection in each ESL, the SEKC formulates conditions 78 using the in-plane displacement functions:
where n = 0 means condition against in-plane displacement, n = 1 means condition for shear strain, if n = 2 and n = 3 then a 80 condition for the shear strain derivative and curvature is formulated. 4. Development of kinematically admissible displacement fields 82 In the sequel the SEKC is applied to the problem shown in Figs. 2 
The reference plane is located in the second ESL; therefore we have:
where based on figure z 
To ensure the better distribution of the strains even the derivatives and the curvatures of the shear strains are imposed to be 100 continuous at interface planes 1-2 and 3-4:
101 ∂γ xz (1) ∂z (1) , ∂γ yz (1) ∂z (1) 
102 
where the matrices denoted by K ij are related exclusively to the geometry; moreover ψ is the vector of primary parameters, 
109
The nonzero elements of the matrices K 
where 
where p = x or y. 
Equilibrium equations
148
If the displacement field is known, then the strain field is obtained by the following equation [134] :
where ij is the strain tensor, u i is the displacement vector field. In plates assuming plane stress state the vector of in-plane 150 strains is [93]:
The vector of transverse shear strains becomes:
The stress field can be obtained by using the constitutive equation [93, 94] . The stress resultants are calculated by integrating 
where α and β takes x or y. The relationship between the strain field and the stress resultants can be written as:
where: 
is the vector of transverse shear forces, and finally {L} 
The stiffnesses above have to be calculated with respect to the local reference planes of each ESL. 
Moreover, the vectors of higher-order stress resultants are:
Finally the vectors of shear and higher-order forces become:
In the sequel the equilibrium equations are derived separately for the undelaminated and delaminated parts. 
where ∇ is the Hamilton differential operator [134] . In the general case (including FSDT, SSDT and TSDT) the number of primary 173 parameters in the displacement field is k, the variation of the total potential energy results in the following equations: where ψ (x)k and ψ (y)k denote the primary parameters. Finally, the variation of the total potential energy with respect to the plate 175 deflection provides:
and q = q(x, y) is the function of external load [93] . As can be seen the differences among the equilibrium equations of FSDT,
177
SSDT and TSDT are the matrices defined in Appendices A, B and C. Besides the matrices α ij and β ij are defined in the next section. 
The other equilibrium equations have the same form as those given by Eqs. (27) and (28). 
where Z is the state vector, T is the system matrix, and F is the vector of particular solutions. The general solution of Eq. (33) is:
where K is the vector of constants. The parameters of the displacement field can be accessed by: The state vector of the TSDT model of the delaminated part contains the following elements The B.C.s of the problem in Fig. 4a at x = a are determined through the displacement parameters:
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and the stress resultants:
At x = −c we have:
Continuity conditions between regions (1) and (2)
229
The conditions between regions (1) and (2) (refer to Fig. 4a ) involve the continuity of the displacement parameters and stress 230 resultants. In the sequel, the continuity of the displacement field and stress resultants are discussed separately. 
Continuity of stress resultants
232
To define the continuity conditions the equivalent stress resultants can be defined based on the equilibrium Eqs.
233
(Eqs. (26) and (27)) and (30) and the vectors given by Eqs. (23) and (24):
235P (x,y)(1)
,
for the delaminated portion (1). Moreover, for the undelaminated region (2) we have:
.
The continuity conditions using the equivalent stress resultants are: We define the following set of parameters:
Continuity of displacement parameters
The continuity of the displacement parameters involves the following necessary conditions:
However these are not sufficient. The sufficient conditions are presented through a theorem. (1)
The former conditions ensure the continuity of the cubic terms in the displacement fields of regions (1) and (2) at x = 0 263 ( Fig. 4a) . Considering the fact that the parameters in g β are continuous between regions (1) and (2) and by using the matrix 264 elements given in Appendix A it is possible to have the following expression for λ p1 at x = +0: Taking the former condition back into the quadratic part of the displacement field given by Eq. (13) of each ESL of the unde-266 laminated part (2) yields the following at x = −0:
Simultaneously, by taking back Eq. (48) into the displacement functions of every ESL of the delaminated part (1) defined by 271 Eq. (13) we have at x = +0:
(1)
Obviously, the right-hand sides of Eqs. 
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K (0) 1 j ψ (x) j ψ (y) j (1) x=+0 = u 0 v 0 + j=1..5 K (0) 1 j ψ (x) j ψ (y) j (2) x=−0 , u 0t v 0t + j=3,4,6 K (0) 3 j ψ (x) j ψ (y) j (1) x=+0 = u 0 v 0 + j=1..5 K (0) 3 j ψ (x) j ψ (y) j (2) x=−0 .(57)
Continuity between regions (1)-(1q) and (1q)-(1a)
288
The continuity between regions (1)-(1q) and (1q)-(1a) (see Fig. 4a ) can be imposed by defining the sets of parameters below:
The continuity conditions are (refer to Fig. 4a ):
γ are not given. The B.C.s and the C.C.s for the FSDT and SSDT models can be defined similarly, these are discussed in Appendix D. 297 In the sequel through some definitions it is explained why the dynamic boundary conditions [114] are not imposed at the 
Results and discussions
319
To demonstrate the accuracy of the analytical models two examples shown in Fig. 4 are solved. The data of the problem de- 9, 2015;19:12] higher the accuracy of the approximation of the ERRs is. The final conclusion is that for problem a the FSDT theory gives the in the displacement field that continuity is required against is higher than the available constants in the state-space model. Apparently the disadvantage of the theories were discovered through problem b, for which the TSDT theory was the best choice. 415 In this example the more intense perturbation led to the fact that the analytical models gave inaccurate results. In accordance with Section 4.1.1 the following constants can be obtained: where the notations can be found in the former papers.
J-integral and mode mixity distributions
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